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Abstract

The compressive response of a 3D open-cell foam with periodic tetrakaidecahedral cells is studied through combined

theoretical and numerical efforts. Under compressive loading the response is characterized by an extended load plateau

following the relatively sharp rise to a maximum load. Several processes of loading have been simulated numerically

using appropriately nonlinear kinematics. The onset of failure under macroscopic loading conditions is shown to be the

reason of the load plateau. A failure surface is defined in macroscopic stress space by the onset of the first buckling-type

instability encountered along proportional load paths. The analysis is carried out through two methods. The first one

consists in increasing specimen size with periodic boundary conditions leading to the termed microfailure surface. The

second one consists in considering both periodic and nonperiodic displacements variations on a minimum unit cell. The

resulting failure surfaces are shown to coincide. Moreover, the postbuckling analysis has been carried out for two

particular loadings: the uniaxial compression and the uniaxial deformation. � 2002 Elsevier Science Ltd. All rights

reserved.

Keywords: Foam material; Periodic cells; Microstructures; Buckling; Finite strains

1. Introduction

Cellular solids are made up of an interconnected network of cells with solid strut edges. Their cell faces
can be open (e.g. open-cell polyurethane), sometimes they are covered by plates or membranes (e.g. closed-
cell polyethylene), or both (e.g. polyether foam with both open and closed cells). These materials can be
broadly categorized into two groups. The first group, termed ‘‘honeycombs’’, consists in cellular materials
with a 2D geometric arrangement, while the second group, termed ‘‘foams’’, includes those materials with
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fully 3D microstructure. Low density cellular solids (density ratios of the order of 0.02–0.1) are widely used
in engineering applications, due mainly to their high stiffness-to-weight ratios. In addition, as they can
undergo very large deformations at low stress levels, cellular materials when subjected to compression have
excellent shock mitigation and energy absorption characteristics (see Maiti et al., 1984).

Pioneering works on the mechanical properties of cellular materials are those of Gent and Thomas
(1963), Shaw and Sata (1966) and Patel and Finnie (1970). The book edited by Hilyard (1982) contains a
series of articles which summarize the state of the art (at that period of time) for polymeric foams. Credit
for refocusing the attention of the research community to the mechanics of cellular materials must be given
to Gibson and Ashby (1988) for their comprehensive study of the structure, the properties and the me-
chanical behavior of a wide range of honeycombs and foams, both natural and synthetic. The aforemen-
tioned works constitute an excellent starting point for any worker in the field. However, due to their broad
scope, these investigations do not always address, in depth, the mechanisms involved at the different stages
of deformation of such solids. In particular, they didn’t give the appropriate emphasis to the crucial role
played by instabilities, caused by strong material and geometric nonlinearities, and which lead to micro-
buckling, followed by a localized failure mode.

These issues have been addressed for honeycombs by Papka and Kyriakides (1994), who have conducted
a series of careful experimental and numerical investigations. They have shown that a consideration of a
suitable size of the representative microsection can result in a localized collapse which is energetically
preferred to the assumed uniform mode of collapse obtained in the previously mentioned references.
Moreover, they carried out full scale numerical calculations, involving finite sized honeycomb specimens,
showing deformation propagating from row to row as obtained experimentally.

More recently, taking advantage of the periodic nature of the honeycomb microstructure, Triantafyllidis
and Schraad (1998) have performed calculations for capturing the onset of instability under arbitrary
macroscopic loading conditions. In their work, they show that the critical mode for an infinite perfectly
periodic medium is characterized by a dimensionless wave number xc, which is defined as the ratio of the
unit cell size to the wavelength of the bifurcation mode shape. The value of this wave number provides an
indication as to whether or not a localized failure mode is possible. Moreover, Geymonat et al. (1993) have
illustrated the completeness of the Bloch wave representation for capturing the initial instability in finetely
strained, rate-independent, perfectly periodic composites, and have proven that, in the case for which
xc ! 0, the first instability can also be determined from the macroscopic properties of the infinite medium,
as the first loss of ellipticity in the incremental homogenized moduli of the material. In addition, the concept
of the microfailure and the macrofailure surfaces in macroscopic stress or strain space for finetely strained,
periodic media, were introduced by Triantafyllidis and Schnaidt (1993), for the case of biaxially loaded
frame models.

In the present study, we are interested in 3D open-cell foams and we try to understand and analyze the
major aspects of their mechanical response to macroscopic loadings. We follow the example, set by Pradel
(1998), Zhu, Knott, et al. (1997) and several authors, of using periodic beams network with tetrakai-
decahedral cells (14 faces defined by 36 edges) as representative model of this class of materials. Given the
fact that the onset of bifurcation type instability is the precursor to the ultimate failure mode in these
materials, it seems logical to investigate the critical macroscopic stress state, and also to determine the
nature of the corresponding critical bifurcation mode. This work is based on the theory of loss of stability
in the context of nonconvex homogenization (Geymonat et al., 1993; M€uuller, 1987; Nguyen, 1995), and on
the concept of micro- and macrofailure surfaces introduced by Triantafyllidis and co-workers. It is con-
ducted using ABAQUS in order to provide these surfaces for cellular materials under multiaxial loads.
Next, the postbuckling behavior is analyzed for two particular loadings: uniaxial compression
(R ¼ R33e3 � e3) and uniaxial deformation (E ¼ E33e3 � e3). Finally, the presentation is concluded with a
detailed discussion of the results and suggestions for future research.
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2. Theoretical background

2.1. Nonlinear homogenization

Consider an hyperelastic solid, with a perfectly periodic microstructure, described by the stored-energy
density per unit reference volume wðX ; F Þ. This energy density depends on the position X of a material
point in the reference configuration and on the local deformation gradient F defined as ox=oX with x
denoting the position of the material point in the current configuration. It follows that the first Piola–
Kirchhoff stress tensor, denoted here by RðF Þ, can be easily obtained by differentiation of wðX ; F Þ with
respect to F (R ¼ ow=oF ).

We assume that w is Y-periodic in X where Y ¼ ½0; 1�3 is a unit cell (i.e. wðX þ
P

i¼1;3 niei; F Þ ¼ wðX ; F Þ
where niji¼1;3 are arbitrary integers and eiji¼1;3 are the basis vectors in the reference configuration). M€uuller
(1987) has shown that under polynomial growth conditions in F , the homogenized (overall) energy density
is given by

WhomðF Þ ¼ inf
k

inf
uperðkY -periodicÞ

wðX ; F
D�

þ »� uperÞ
E
kY

�
; ð1Þ

where Whom is the homogenized strain-energy density, k ¼ ðkiÞi¼1;3 are positive integers and uper is a kY -
periodic displacement field with kY ¼

Q
i¼1;3½0; ki� (i.e. uperðX þ

P
i¼1;3 nikieiÞ ¼ uperðX Þ for arbitrary integers

niji¼1;3).
In addition, by »� v we denote the Lagrangian gradient of a vector v, i.e. ov=oX , whereas by hf iX we

denote the volume-average of f on X.
Moreover, Marcellini (1978) has proved that if w is convex, the infinimum in (1) is reached on Y, i.e. for

k ¼ ð1; 1; 1Þ. So, in the homogenization procedure, when the strain-energy function is not convex, we have
to take into account all possible periodic displacement fields on all possible unit cells kY .

2.2. Microfailure surface

Let us focus on proportional loading paths, where each path is defined by a fixed macroscopic load
orientation ~EE and an increasing positive parameter k, as follows:

F ðkÞ ¼ EðkÞ þ I ¼ k~EE þ I ; ð2Þ

where I is the identity tensor.
For instance, for uniaxial deformation along e3, ~EE ¼ e3 � e3 and k ¼ d=h, where d is the macroscopic

displacement and h is the initial height of the structure.
Notice that for k � 1, linearized elasticity assumptions are valid, and the solution of problem (1) is Y-

periodic. It is the trivial solution denoted uperðkÞ which is defined up to a constant. Then, when k increases,
this solution may lose stability. Let us define the microscopic incremental moduli tensor lðX ; kÞ as

lijklðX ; kÞ ¼ o2w
oFijoFkl

X ; F ðkÞ
�

þ »� uperðkÞ
�
: ð3Þ

A critical value kðkÞ may be defined as the infinimum of k for which kY -periodic instability modes occur,
that is

9duðX Þ 6¼ constant=ðlijklðX ; kÞduðX Þk;lÞ;j ¼ 0; ð4Þ

where f ;i ¼ of =oXi, and in this case duðX Þ ¼ duperðX Þ is kY -periodic.
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The critical value kc is then defined as the infinimum of kðkÞ on all possible periodic unit cells kY . This
critical load pararmeter kc corresponds to the first instability in the infinite periodic model. To the authors’
knowledge, this approach has been first used by Abdelmoula et al. (1994) and will be used in the present
study.

Moreover, an alternative approach consists in considering Bloch wave modes with nonperiodic dis-
placement fields defined on the unit cell Y by (Triantafyllidis and Bardenhagen, 1996)

duðX Þ ¼ duperðX Þeix�X ; ð5Þ
where duper is an Y-periodic function of X and x ¼ ðxiÞji¼1;3 2 ½0; 2p½3 are dimensionless wave numbers of
the corresponding bifurcation eigenmode along the ðXiÞji¼1;3 directions respectively.

For fixed x, let kmðxÞ denotes the infinimum value of k for which Eq. (4) holds with Bloch waves.
Geymonat et al. (1993) have demonstrated that the minimum value of kmðxÞ over all wave numbers

vectors (i.e. for 06xiji¼1;3 < 2p) is equal to the critical load parameter kc already introduced. This means
that Bloch waves analysis is equivalent to arbitrary periodic waves analysis. Both methods lead to the
termed microfailure surface and kc will be denoted by kmicro

c .

2.3. Macrofailure surface

In the Bloch waves approach, one of the important characteristics of the critical load parameter kmðxÞ
(see Schraad and Triantafyllidis (1997)) concerns the presence of a singularity at the origin of the di-
mensionless wave numbers domain (i.e. at x ¼ ð0; 0; 0Þ). As the wave numbers are defined as the ratio of the
unit cell size dimensions hi to the wavelengths Li of the bifurcation mode shape (i.e. xi ¼ 2phi=Li), two
different types of bifurcation eigenmodes are mapped in the neighborhood of the origin

• x ¼ 0 leads to Y-periodic modes ði.e. duðxÞ ¼ duperðxÞÞ as in each direction their wavelengths commen-
surate with the unit cell size.

• x ! 0 leads to long wavelength modes, much larger than the unit cell size (i.e. Li � hi).

Then, as the critical load for a long wavelength mode does not coincide, in general, with the critical load
of an Y-periodic mode, the critical load parameter surface kmðxÞ is singular at the origin.

Hence, two different situations are distinguished in the Bloch waves approach. If the critical load kc is
attained for some finite xc, the onset of failure is termed ‘‘local’’, whereas if kc is obtained as xc tends to
zero (i.e. xc ! 0), the onset of failure is termed ‘‘global’’. For the latter case, as the failure mode depends on
the overall properties of the medium at the loading state in question, according to Schraad and Trian-
tafyllidis (1997), the critical load for this case can be found by investigating the macroscopic (homogenized)
properties of the model.

As a result, a new failure surface is defined as the first loss of ellipticity of the macroscopic incremental

moduli tensor LhomðkÞ, obtained by homogenization of the Y-periodic microscopic moduli tensor lðX ; kÞ.
More specifically, the macroscopic critical load, denoted by kmacro

c , is defined as the minimum value of the
load parameter k along a given loading path for which there exists a unit vector n such that the rank-two
tensor n � LhomðkÞ � n (termed the ‘‘acoustic tensor’’) loses positive definiteness. The resulting failure surface,

which is defined in macroscopic strain space, is termed macrofailure surface. Notice that, the macroscopic
critical load is always greater than or equal to the microscopic critical load (i.e. kmacro

c P kmicro
c ), with the

equality achieved when, in the microscopic analysis, the minimum of kmðxÞ is obtained for x ! 0. This is
logical as x ! 0 is a particular case of the Bloch waves approach which consists in performing a mini-
mization over all possible x. Hence, the macrofailure surface for an infinite medium with perfectly periodic
microstructure provides an upper bound for the corresponding microfailure surface.
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It has been also demonstrated that when kmacro
c ¼ kmicro

c , this critical value is also the infinimum of k for
which Eq. (4) holds for instability modes of the following form:

duðX Þ ¼ duperðX Þ þ ðm� nÞ � X ; ð6Þ

where duper is Y-periodic and m and n are unit vectors. In addition, the post-bifurcation failure mode is
shown to develop into a macroscopically localized mode of failure of the shear band or kink band type,
which is characterized by n and m: n is the normal vector to the band plane and m gives the displacement
direction of the band.

2.4. Mixed failure surface

In their study on honeycombs, Triantafyllidis and Schraad (1998) have obtained for their particular case
that kmicro

c is achieved at the origin of the wave numbers domain, i.e. either for Y-periodic displacements
variations (x ¼ 0) or for long wavelength displacements variations (x ! 0).

Our purpose is then to develop a procedure which takes into account both Y-periodic and long wave-
length displacements variations. To achieve this, we notice that if m in (6) is zero, then du is Y-periodic.
Now, for fixed unit vector n, let kmixedðnÞ be the infinimum of k for which Eq. (4) holds for instability modes
of form:

duðX Þ ¼ duperðX Þ þ ðdU� nÞ � X ; ð7Þ

where dU is arbitrary and duper is Y-periodic. Then kmixed
c is defined as the minimum of kmixedðnÞ over n (i.e.

kmixed
c ¼ minn kmixedðnÞ). The resulting failure surface, which is defined in macroscopic strain space, is termed

mixed failure surface. Notice that, the macroscopic critical load is always greater than or equal to the mixed
critical load, which is in his turn greater than or equal to the microscopic critical load (i.e. kmacro

c P
kmixed
c P kmicro

c ). Denoting by nc a vector n for which kmixed
c ¼ kmixedðncÞ, the equality kmixed

c ¼ kmacro
c is

achieved when, in the mixed approach, the dU corresponding to nc is not zero.
In the aforementionned work of Triantafyllidis and Schraad (1998), we notice that what we call mixed

failure surface coincides with the microfailure surface they obtained. In addition, our numerical study will
also show that the mixed failure surface of a tetrakaidecahedral lattice coincides with its microfailure
surface (Section 4.4). An interesting theoretical issue is to identify a priori conditions which ensure that
these two failure surfaces coincide. Indeed, mixed failure surface gives informations, provided by dU and n,
on possible localized macroscopic modes of failure. Moreover, it is easier to compute than both methods:
the scheme which uses large representative volumes with kY-periodic functions and the scheme with the
Bloch wave representation.

3. Application to open-cell foams

3.1. Open-cell foam modeling

The compressive response of 2D and 3D cellular solids has been examined experimentally by Gibson and
Ashby (1982), Gibson et al. (1982), Maiti et al. (1984), Papka and Kyriakides (1998) and several authors.
These materials deform considerably at low forces. Their load–displacement response is characterized by
three regimes. First, the material has a relatively high stiffness given by a sharp initial rise to a load
maximum. It is often a linear elastic regime. Then, the material has almost zero stiffness and an extended
load plateau is observed. It is termed the plateau regime. Finally, the response becomes stiff given by a
sharp rise in load again. It is known as the densification regime.
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In this investigation open-foams are modeled by a lattice composed of periodic tetrakaidecahedral cells.
The finite elements method is used to discretize the lattice into linear elastic beams. Actually, the mecha-
nism-rich behavior in the experiments results from a complex interaction between nonlinearities of geo-
metry, material and contact present in the problem. We will focus on geometrical nonlinearities. The cell
edges are modeled by two-noded, linear Timoshenko (shear deformable) beam elements, which are based
on nonlinear kinematics allowing for large axial strains (ABAQUS B31 element). The number of elements
used in the calculations has been determined from convergence tests and is given in the Appendix. The
considered isotropic linear elastic behavior of the solid material is given by the stored-energy density:

wðF Þ ¼ 1

2
eT : c : e; ð8Þ

where e ¼ 1=2ðF TF � IÞ is the Lagrangian strain tensor and

cijkl ¼
Es

2ð1þ msÞ
ðdikdjl þ dildjkÞ þ

msEs

ð1þ msÞð1� 2msÞ
dijdkl; ð9Þ

where Es is the solid Young’s modulus, ms is the solid Poisson’s ratio and dij is the Kr€oonecker symbol.
Methods for evaluating the linear elastic properties of materials with microstructure are well established

and will not be discussed here (for the elastic properties of honeycomb see, for example, Gibson and Ashby
(1982), Pradel and Sab (1998) and Warren and Kraynik (1987); for problems with open-cell foams with
periodic tetrakaidecahedral cells see, for instance, Pradel (1998), Zhu, Knott, et al. (1997) and Warren and
Kraynik (1988)]. For a tetrakaidecahedral lattice of Euler–Bernoulli beams, in small strain analysis, the
behavior is shown to be fully described by three independent elastic coefficients: the homogenized Young’s
modulus Ehom, the homogenized Poisson’s ratio mhom and the homogenized shear modulus Ghom. They are
respectively given by

Ehom ¼ 6
ffiffiffi
2

p SI1Es

l2ð12I1 þ l2SÞ ; ð10Þ

mhom ¼ � 1

2

12I1 � l2S
12I1 þ l2S

ð11Þ

and

Ghom ¼
3

ffiffiffi
2

p
SI2Es I2 þ Gs

Es
It þ 4I1

� �
l2 12I22 þ 48I2I1 þ 12I2 Gs

Es
It þ l2 Gs

Es
ItS þ 4l2SI2 þ 4l2SI1

� � ; ð12Þ

where S is the beam’s area, l is the beam’s length, I1 is the moment of inertia along the first beam’s principal
axis, I2 is the moment of inertia along the second beam’s principal axis, It is the torsion moment of inertia,
and Gs ¼ Es=2ð1þ msÞ is the solid shear modulus.

Furthermore, in the termed uniaxial deformation explained below, we define a modulus E�d as the ratio
of the stress by the strain along the loading axis. This modulus is given analytically by

E�d ¼
Ehom

2m2
hom

mhom�1
þ 1

: ð13Þ

As explained in Section 2.2, for proportional loading paths (2), the small strain solution of problem (1),
denoted by uperðkÞ, is Y-periodic. However, as k increases, the solution may lose stability. In order to
perform the stability analysis, we follow Nguyen (1995) by introducing two assumptions. The first one,
(A1), is termed small pre-deformations assumption: uperðkÞ is ‘‘small’’ and linear in k (i.e. uperðkÞ ’ k~uuper,
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where ~uuper denotes the solution for k ¼ 1 in linear elasticity). The second one, (A2), consists in neglecting the
second order terms in k in the second variations of the unit cell energy.

Now, if kcritical is the critical value of k for a given set of variations, we will get

kcritical ¼ min
du

�

R
X d� : c : d�dXR

X ~rr : ðð»� duÞT � »� duÞdX
; ð14Þ

where d� ¼ 1=2 ð»� duÞ þ ð»� duÞT
h i

denotes the linearized Lagrangian strain tensor, and ~rr is the stress
tensor field corresponding to ~uuper.

We shall perform the stability analysis of the following proportional loading paths:

F ðkÞ ¼ kða1e1 � e1 þ a2e2 � e2 þ e3 � e3Þ þ I ; ð15Þ

where eiji¼1;3 are the principal axis and aiji¼1;2 are the varying parameters. These paths correspond to

~EE ¼ a1e1 � e1 þ a2e2 � e2 þ e3 � e3: ð16Þ

Therefore, the loadings are macroscopic strains depending on the increasing parameter k ¼ E33. They are
applied to the infinite lattice through periodicity conditions on the nodes located at the boundary of the unit
cell (Section 3.3).

The failure surfaces are obtained by varying a1 and a2 in (15) and they are mapped in principal mac-
roscopic stress space. Actually, for given a1 and a2, we compute the first positive eigenvalue kþ

c and the first
negative eigenvalue k�

c . The latter one corresponds to the first positive eigenvalue of the loading path

F ðkÞ ¼ �kða1e1 � e1 þ a2e2 � e2 þ e3 � e3Þ þ I :

In order to compute these surfaces, the approaches already described in Sections 2.2 and 2.4 are used: the
periodic waves approach (i.e. for given loading paths, we consider periodic displacements variations on
bigger and bigger size of unit cells), and the mixed waves approach (i.e. for given loading paths, we consider
nonperiodic displacements (7) variations on a minimum size unit cell).

Moreover, in order to perform nonlinear analyses, we will focus on two particular loadings:

1. Uniaxial deformation defined by a macroscopic deformation gradient tensor F where a1 ¼ a2 ¼ 0 in (15),
i.e. E ¼ E33e3 � e3. It corresponds to a compression test with restrained horizontal displacements.

2. Uniaxial compression defined by a macroscopic Piola–Kirchhoff stress tensor R ¼ R33e3 � e3. We will
provide in Section 3.3.2 a detailed description of the boundary conditions we use in this case.

3.2. Unit cells geometry

A unit cell of the open-cell foam with tetrakaidecahedral cells is chosen such as, when compressed, it
yields results representative of those which take place in large multicell foam specimen. A minimum unit
cell, termed Cmin, has been identified by Pradel (1998). Denoting by ‘‘a’’ the height of the unit tetrakai-
decahedral cell, Cmin fills the space limited by a (a,a,a/2) parallelepiped, and is equivalent, in volume, to one
tetrakaidecahedron. This unit cell consists in 12 geometrical nodes which belong to six node classes induced
by the lattice periodicity and which are joined by 12 edges, as shown in Fig. 1.

However, in order to be able to simulate some nonsymmetric deformation modes of less energy than the
symmetric modes used by Zhu, Mills, et al. (1997) and Pradel (1998), we followed the approach presented
by Papka and Kyriakides (1994) for 2D honeycombs, and we extended it to the lattice under study. This led
us to a periodic unit cell, termed CB, presented in Fig. 2 and consisting of a central unit tetrakaidecahedron
surrounded by 10 half tetrakaidecahedra laterally and two half tetrakaidecahedra on the top and on the
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bottom. This new unit cell is included in a (2a,a,2a) parallelepiped and is equivalent in volume to eight
tetrakaidecahedra.

As the uniaxial loadings in the geometrically nonlinear analysis are applied along the e3 axis, we su-
perposed on the top and on the bottom of the CB two more CB. This resulted in the termed CB3, presented
in Fig. 3(a). This unit cell is included in a (2a,a,6a) parallelepiped and is then equivalent to 24 tetrakai-
decahedra.

Then, we added two more CB on the top and on the bottom of the CB3, obtaining the termed CB5,
presented in Fig. 3(b). This unit cell is included in a (2a,a,10a) parallelepiped and is then equivalent to 40
tetrakaidecahedra.

Finally, we constructed the unit cell termed CB333 and presented in Fig. 3(c). This unit cell is included in
a (6a,6a,6a) parallelepiped, and is equivalent to 432 tetrakaidecahedra. This resulted in 32160 nodes and
22464 elements for the discretized CB333, whereas the minimum cell Cmin has only 91 nodes and 48 ele-
ments (see Appendix).

3.3. Periodicity conditions

In order for a unit cell to be representative of an infinite periodic structure, periodicity conditions have to
be applied to all the nodes which are located on the boundary faces of this unit cell. Notice that for CB,

Fig. 1. A minimum periodic unit cell: Cmin.

Fig. 2. A parallelipipedic unit cell CB.
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CB3, CB5 and CB333, the matching rule for the nodes is standard: the matched nodes are the couple of
nodes which are on opposite boundary faces. However, for Cmin, the matched nodes are those numbered n5
and those numbered n6 in Fig. 1.

We denote by

• C the considered unit cell;
• oCiþ and oCi� the boundary faces of C respectively normal to ei and �ei;
• X iþ and X i� the position vector in the reference configuration of matched nodes respectively on oCiþ and

oCi�;
• Uiþ and Ui� the displacements of these matched nodes;
• /iþ and /i� their corresponding rotations.

Notice that, except for Cmin we have, X iþ
j ¼ X i�

j for j 6¼ i.

3.3.1. Prescribed strain loadings
For proportional loading paths with prescribed strains, i.e. with given a1, a2 in (15), the periodicity

conditions are as follows:

Uiþ � Ui� ¼ EðkÞ � ðX iþ � X i�Þ
/iþ � /i� ¼ 0

�
: ð17Þ

For example, in uniaxial deformation along e3, EðkÞ ¼ ke3 � e3. Hence, except for Cmin, the following
symmetry and matching conditions are used:

1. The displacements and rotations of nodes X 1þ and nodes X 2þ are matched with the same degrees of free-
dom of nodes X 1� and nodes X 2�, respectively.

2. The horizontal displacements and rotations of nodes X 3þ are matched with those of nodes X 3�.
3. The deformation of the unit cell is performed by constraining the difference between the vertical displace-

ments of nodes X 3þ and nodes X 3� to be equal to d ¼ kh, where h is the initial height of the unit cell.

Fig. 3. Multiple parallelipipedic unit cells: (a) CB3, (b) CB5, (c) CB333.
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4. Also, to avoid arbitrary rigid motions, the horizontal displacements u1, u2 and the rotation u3 of one
choosen node in the unit cell is prescribed to be zero.

3.3.2. Uniaxial compression
We recall that the first Piola–Kirchhoff stress tensor is defined by:

RðF Þ ¼
oWhomðF Þ

oF
: ð18Þ

In order to prescribe uniaxial compression along e3, we apply periodicity conditions of the form (17)
where E33 is prescribed and Eijjði;jÞ6¼ð3;3Þ are unknown degrees of freedom. Indeed, the stationarity of the
energy deformation of the unit cell will lead to

oWhom

oEij
¼ oWhom

oFij
¼ Rij ¼ 0 for ði; jÞ 6¼ ð3; 3Þ: ð19Þ

Thus, we choose reference pair of matched nodes ðX iþ
ref ;X

i�
refÞ for each pair of boundary faces

ðoCiþ; oCi�Þ. Their displacements and rotations are respectively denoted by ðUiþ
ref ;U

i�
refÞ and ð/iþ

ref
;/i�

ref
Þ. The

displacements of the reference pairs ðX iþ
ref ;X

i�
refÞ are matched with those of the other pairs of nodes

ðX iþ;X i�Þ. In addition, the rotations of ðX iþ;X i�Þ are matched. This leads to the following periodicity
conditions:

1. Reference pairs of nodes,

/iþ
ref

� /i�
ref

¼ 0;

2. Matched nodes at ðoC1þ; oC1�Þ,

ðU 1þ � U 1�Þ � ðU 1þ
ref � U 1�

ref Þ ¼ 0
/1þ � /1� ¼ 0

�
;

3. Matched nodes at ðoC2þ; oC2�Þ,

ðU 2þ � U 2�Þ � ðU 2þ
ref � U 2�

ref Þ ¼ 0
/2þ � /2� ¼ 0

�
;

4. Matched nodes at ðoC3þ; oC3�Þ,

ðU 3þ
1 � U 3�

1 Þ � ðU 3þ
1ref � U 3�

1refÞ ¼ 0
ðU 3þ

2 � U 3�
2 Þ � ðU 3þ

2ref � U 3�
2refÞ ¼ 0

U 3þ
3 � U 3�

3 ¼ kh
/3þ � /3� ¼ 0

8>><
>>: :

3.4. Numerical procedures

3.4.1. Linear and nonlinear analyses
Having defined the geometric model, the loadings paths and the periodicity conditions, we first perform

a classical linear analysis for both loadings: uniaxial compression and uniaxial deformation, on unit cells of
increasing size (Cmin, CB, CB3 and CB5).

In addition, a geometrically nonlinear analysis for both loadings is performed and compared to Zhu,
Mills, et al. (1997) analytical results.
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3.4.2. Buckling analyses
We define a failure surface in macroscopic stress space by the onset of the first buckling-type instability

encountered along proportional load paths. In order to determine this surface, buckling analysis is per-
formed for different loadings (by varying a1 and a2) through two different procedures leading to two failure
surfaces:

Microfailure surface: We consider loading paths of the form (15). For fixed a1, a2 and k, we perform
standard buckling analyses on unit cells kY (by using the BUCKLE module of ABAQUS) to determine kðkÞ

already defined. Notice that as the loadings are applied through periodicity conditions (17), this results in
kY -periodic displacements and rotations variations (dUiþ � dUi� ¼ 0 and d/iþ � d/i� ¼ 0). Failure sur-
faces are obtained by varying a1 and a2 for each unit cell (from Cmin to CB333). The aforementioned mi-
crofailure surface is the one for which the critical loads are minimum.

Mixed failure surface: In this approach, we consider the same loading paths of the form (15). In order to
determine kmixedðnÞ for fixed a1, a2 and unit vector n, we introduce the following boundary conditions on
Cmin:

Uiþ � Ui� ¼ k~EEða1; a2Þ � X iþ � X i�ð Þ þ n � X iþ � X i�ð Þð ÞU
/iþ � /i� ¼ 0

(
; ð20Þ

where U is the unknown displacement vector of a termed virtual node. Then, the boundary conditions
variations are

dUiþ � dUi� ¼ n � X iþ � X i�ð Þð ÞdU
d/iþ � d/i� ¼ 0

�
; ð21Þ

which coincides with (7).
The idea is to apply a force, denoted by R, on the virtual node such that the resulting U is zero. In this

way, the application of (20) and R leads to the same loading defined by (17), whereas the variations are of
the form (7). In order to compute R, we prescribe the virtual node displacements to zero and we identify the
reaction force R. Actually, for fixed a1 and a2 it is easy to see that R depends linearly on n and k: R ¼ kD � n.
Therefore, the second-order tensor D can be computed considering three basis vectors (n1 ¼ ð1; 0; 0Þ,
n2 ¼ ð0; 1; 0Þ and n3 ¼ ð0; 0; 1Þ), with k ¼ 1. Once D determined for given a1 and a2, we perform buckling
analysis for several unit vectors n. Then kmixed

c is the minimum of kmixedðnÞ.

3.4.3. Postbuckling analysis
The next issue to be addressed concerns the foam behavior under finite strains. As the characteristic

plateau regime of the foam’s behavior has not been exhibited when (Zhu, Mills, et al., 1997) have performed
a classical nonlinear analysis, we will conduct an elastic postbuckling analysis by introducing a geometrical
imperfection which has the form of the first buckling mode.

4. Results and discussion

The relative density of interest in the open-cell foams we study is in a range of 0.02–0.1. The results
presented below, from Sections 4.1–4.6, concerns a tetrakaidecahedral lattice of Timoshenko beams having
a relative density of 0.06. All the results are represented in terms of normalized stress by the solid Young’s
modulus Es multiplied by the square of the relative density R ¼ qf=qs, where qf and qs are respectively the
foam density and the solid density ðR� ¼ R=ðEsR2ÞÞ.
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4.1. Small strain analysis

In a small strain elastic analysis on the minimum unit cell Cmin, we recover the already known analytical
results (Pradel, 1998; Zhu, Knott, et al., 1997). Actually, the Young’s modulus (uniaxial compression) and
E�d (uniaxial deformation) are identical for all the considered unit cells (maximum relative error of 0.07%).
This is expected since the energy is convex in small strain analysis. On the other hand, the maximum relative
error between the numerical analysis performed on Cmin and the analytical ones (from the expressions (10)
and (13) respectively) is 1.4%. This is due to Euler–Bernoulli beam assumptions in the analytical expres-
sions. We have also checked that the macroscopic Poisson’s ratio is in good agreement with the analytical
one given by (11).

4.2. Geometrically nonlinear analysis with symmetrical modes

In a geometrically nonlinear analysis performed on Cmin, similar to the one performed analytically by
Zhu, Mills, et al. (1997) we checked that the initial slope is equal to the one obtained by the corresponding
small strain analysis. We also checked that the results are the same when increasing the unit cell size from
Cmin to CB and CB3. Our geometrically nonlinear numerical analysis, as well as Zhu, Mills, et al. (1997)
analysis, does not exhibit the plateau regime (see the curves denoted by ‘‘Nonlinear’’ in Figs. 4 and 5).

4.3. Microfailure surface

The critical load values converge when performing the periodic waves approach on unit cells with in-
creasing size, from Cmin to CB333 (Figs. 6 and 7). Notice that, even though the minimum periodic unit cell
Cmin is enough to study the elastic properties of the lattice in a small strain analysis, its buckling exhibits
symmetrical modes of higher energy than the nonsymmetrical modes given by a larger unit cell. The unit
cell CB is shown to be representative for some loadings, such as the uniaxial deformation. However, it is not

Fig. 4. Uniaxial deformation stress–strain curves.
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representative for uniaxial compression. Actually, the critical loads obtained for uniaxial compression on
CB3 and CB5 are the same. The minimum size representative unit cell is thus shown to be load dependent.
Increasing the height of the unit cell in the direction of the major stress, our numerical results have shown

Fig. 5. Uniaxial compression stress–strain curves.

Fig. 6. Convergence of the failure surfaces obtained by the periodic waves approach performed on different unit cell sizes: R1 ¼ R2

plane.
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that a height of 6a is sufficient to reach the convergence. In addition, we checked that by doubling hori-
zontally the size of CB and CB3 (resulting in (2a, 2a, 2a) and (2a, 2a, 6a) unit cells), the results are the same.

Moreover, for uniaxial deformation, the eigenmodes of CB and CB3 are the same (Figs. 8 and 9): it is a
local buckling mode. Whereas, for uniaxial compression, the eigenmodes of CB and CB3 are different (Figs.
10 and 11). The eigenmode of CB5 (Fig. 12) has the form of that of CB3 but with a longer wavelength: it is a
global buckling mode.

Finally, the unit cell termed CB333 seems to be representative for all the considered loading paths. The
resulting failure surface is the numerical approximation of the microfailure surface. It is mapped within two
planes: the R1 ¼ R2 and the R2 ¼ 0 planes, where Ri denote the principal macroscopic stresses. Notice that,
due to symmetry considerations, the last plane is equivalent to the R1 ¼ 0 plane. To map this surface in the
R1 ¼ R2 plane, 18 numerical calculations per unit cell had been performed. As, in general, each calculation
gives a positive and a negative eigenvalue, the total number of mapped critical loads is 29. Whereas the

Fig. 7. Convergence of the failure surfaces obtained by the periodic waves approach performed on different unit cell sizes: R2 ¼ 0 plane.

Fig. 8. Buckling mode of CB for uniaxial deformation.
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number of calculations performed to map the R2 ¼ 0 plane is 16 and, due to symmetry conditions, the total
number of critical loads mapped is 40.

4.4. Mixed failure surface

The mixed approach, introduced in Section 3.3.2, is performed on the minimum unit cell Cmin. It is
shown in Figs. 13 and 14 that the mixed failure surface coincides with the microfailure surface (CB333) up
to a maximum relative error of 3.7%.

Fig. 9. Buckling mode of CB3 for uniaxial deformation.

Fig. 10. Buckling mode of CB for uniaxial compression.
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Fig. 11. Buckling mode of CB3 for uniaxial compression.

Fig. 12. Buckling mode of CB5 for uniaxial compression.
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In addition, in the uniaxial deformation and in the uniaxial compression, the obtained vectors n and dU
are respectively parallel and orthogonal to the loading direction: the localization band is thus shown to be a
shear band.

Furthermore, we notice that dU is zero for some loadings, which means that the mode is Cmin-periodic.
Thus, in this case, the minimum unit cell is enough to predict buckling. As a result, the microfailure surface
is achieved either for Cmin-periodic (x ¼ 0) or for long wavelengths (x ! 0) eigenmodes (Figs. 15 and 16).

Fig. 13. Micro- and mixed failure surfaces in the R1 ¼ R2 plane.

Fig. 14. Micro- and mixed failure surfaces in the R2 ¼ 0 plane.
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4.5. A modified Drucker–Prager type failure surface

In order to extend our numerical results to proportional loading paths (2) with arbitrary ~EE, we have tried
to fit them with a modified Drucker–Prager type surface (Figs. 17 and 18). This model uses a failure surface
which has an elliptic dependence of the deviatoric stress versus the pressure stress. In addition, this failure
surface depends on the third invariant of the deviatoric stress.

Fig. 15. Periodic and long wavelength modes surfaces in the R1 ¼ R2 plane.

Fig. 16. Periodic and long wavelength modes surfaces in the R2 ¼ 0 plane.
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Actually, for p, q and r denoting respectively the equivalent pressure stress, the Mises equivalent stress
and the third invariant of the deviatoric stress, we introduce a deviatoric stress measure, denoted by t, as
follows:

Fig. 17. Modified Drucker–Prager surface in the ðp; tÞ plane.

Fig. 18. Modified Drucker–Prager surfaces in the deviatoric stress space.
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t ¼ q
2

1

"
þ 1

K
� 1

�
� 1

K

�
r
q

� �3
#
; ð22Þ

where K is a material parameter,

p ¼ � 1

3
trðRÞ; ð23Þ

q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
trðS � SÞ

r
; ð24Þ

r ¼ 9

2
S � S : S

� �1=3

; ð25Þ

and S is the deviatoric stress

S ¼ R þ pI : ð26Þ

Notice that in uniaxial compression t ¼ q ðas ðr=qÞ3 ¼ �1Þ. Whereas, in uniaxial tension t ¼ q=K ðas
ðr=qÞ3 ¼ 1Þ.

The modified Drucker–Prager surface is defined by

t � p tan b � d ¼ 0; ð27Þ

where b and d are material parameters.
In Fig. 18, two surfaces are presented: the best fitting convex surface (27) corresponding to K ¼ 1:285

and a better fitting one, but resulting in a nonconvex surface (27), corresponds to K ¼ 1:433.

4.6. Postbuckling analysis with nonsymmetrical modes

We remind that the plateau regime has not been exhibited by performing standard geometrically non-
linear analysis on relatively small unit cells (CB, CB3, etc.). Nevertheless, the introduction of an imper-
fection having the form of the first buckling mode allowed us to have, in a geometrically nonlinear analysis,
stress–strain curves with a plateau regime corresponding to the critical load computed in the buckling
analysis (see the curves denoted by ‘‘Nonlinear with imperfection’’ in Figs. 4 and 5). In addition, the scale
effect of the buckling analysis is reproduced in the postbuckling analysis (Sab et al., 2000).

Moreover, without introducing any imperfection in the lattice structure, a standard geometrically
nonlinear analysis has been performed on the very large unit cell CB333. Actually, due to the very large
number of degrees of freedom, an instability occurred, leading to a plateau regime which corresponds to the
critical load predicted in previous buckling analysis (Fig. 19). Notice that, due to this instability, the nu-
merical calculations diverge at E33 ’ 15% (Fig. 20).

4.7. Parametric study

4.7.1. Relative density
All the previous results have been conducted for a foam with relative density R ¼ 0:06. As the range of

relative density of interest is [0.02, 0.1], we have performed several buckling analyses with R ¼ 0:0254 and
0.1. We have also performed buckling analyses with R ¼ 0:2. We have presented the results in Fig. 21 in
terms of the normalized stress R� ¼ R=ðEsR2Þ. We notice that the three surfaces, corresponding to
R ¼ 0:0254, 0.06 and 0.1, coincide with a maximum relative error of 7.8%. Whereas, the relative density
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R ¼ 0:2 shows larger discrepancy. Therefore, it is reasonable to assume that in the range of density of [0.02,
0.1], the critical stresses are linearly dependent on R2.

4.7.2. Euler–Bernoulli beams versus Timoshenko beams
We have performed all the numerical calculations with the Timoshenko beam model. However, the

analytical formulae are usually performed with Euler–Bernoulli beams. In order to check their validity, we
have performed some buckling analysis with Euler–Bernoulli beams. It is shown that in buckling analysis,

Fig. 19. Uniaxial deformation on CB333 stress–strain curves.

Fig. 20. Nonlinear mode of CB333 for uniaxial deformation.
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Euler–Bernoulli beam assumptions give different results. Moreover, the modified Drucker–Prager surface
does not fit well with these numerical results (Fig. 22). Actually, the Euler–Bernoulli beam assumptions are
no more valid for relatively high relative densities.

Fig. 21. Failure surfaces in the R2 ¼ 0 plane corresponding to different relative densities.

Fig. 22. Failure surfaces in the (p; t) plane corresponding to Euler–Bernoulli and Timoshenko beams.
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5. Conclusions

We have presented the results of a numerical study on an infinite, perfectly periodic lattice with tetra-
kaidecahedral open-cells. More specifically, we have been interested in the prediction of the plateau regime
exhibited by foams under high strain compression and allowing this class of materials to be used for energy
absorption. It has been shown in the literature on honeycombs that this plateau regime is due to instabilities
encountered during the loading. For this reason, we have focused first on the buckling analysis and then on
the geometrically nonlinear behavior of the periodic beam lattice.

Buckling analyses have been performed by two different procedures and several loading paths. The first
approach, termed periodic waves approach, consists in considering periodic eigenmodes on arbitrary unit
cells. This leads to the critical load, kmicro

c , defined as the infinimum of the critical loads of all possible unit
cells. A second approach termed mixed approach has been defined. It consists in considering, on a mini-
mum unit cell size Y, both periodic and nonperiodic eigenmodes depending on unit vectors n. This leads to
the critical load, denoted by kmixed

c , defined as the infinimum of the critical loads on all possible n.
Considering the range of relative density of usual foams (i.e. [0.02, 0.1]), the cell edges of the tetrakai-

decahedral lattice have been modeled by Timoshenko beams. The study of different unit cell sizes has
shown that the minimum size representative unit cell is load dependent in buckling and in geometrically
nonlinear analyses. Moreover, the two methods explained above led to the same failure surface. Actually,
as in the study of Triantafyllidis and Schraad (1998) on honeycombs, we obtained a failure surface resulting
either in Y-periodic or in long wavelength modes. This surface fits well with a modified Drucker–Prager
surface.

Furthermore, unlike previous theoretical investigations on high strain compression of foams, we have
obtained the plateau regime within two different ways.

The first one consists in considering a unit cell larger than the minimum unit cell, in order to be able to
simulate some nonsymmetric deformation modes. This approach has been presented by Papka and Ky-
riakides (1994) for 2D honeycombs and has been extended here to a 3D periodic microstructure. An im-
perfection having the shape of the first buckling-type deformation mode has been introduced. A
geometrically nonlinear analysis on the new imperfect periodic microstructure gives the plateau regime in
the stress–strain curves.

The second method consists in considering a very large unit cell. Consequently, its high number of
degrees of freedom allowed for a buckling-type deformation mode in a standard nonlinear analysis without
introducing imperfection.

In conclusion, this study shows that using nonconvex homogenization and loss of stability theories, one
can predict the behavior of a perfectly periodic lattice of elastic beams. Real foams are not perfectly pe-
riodic and can also exhibit material nonlinearities at the microscale. Experiments on real foams are being
conducted in order to be compared to our numerical results.
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Appendix A

The discretization of the microstructure has been decided through convergence studies. As a result, each
edge has four B31 elements. The B31 beam element has one Gaussian integration point along its length and
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17 integration points through the thickness of the elements, integrated by Simpson’s rule, and providing
sufficiently accurate results. This resulted in the table below:
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